We continue the study of physical fields for the background free 4D quantum gravity based on the Riegert-Wess-Zumino action, developed in Phys. Rev. D 85 (2012) 024028 [16] . The background free model is formulated in terms of a certain conformal field theory on M 4 in which conformal symmetry arises as gauge symmetry, namely diffeomorphism invariance. In this paper, we construct the physical field operator corresponding to any integer power of Ricci scalar curvature in the context of the BRST quantization. We also discuss how to define the correlation function and its physical meanings.
Introduction
Conformal field theory (CFT) [1, 2, 3] is generally known to be a scale invariant field theory realized at fixed points of renormalization group flows [4] . Quantum gravity is also described as a certain quantum field theory with exact conformal invariance in another sense, because the metric field has the conformal factor and thus conformal invariance is realized as a part of diffeomorphism invariance when this factor fully fluctuates quantum mechanically. Really, it is well-known that 2D quantum gravity is described in terms of the CFT called the Liouville theory [5, 6, 7, 8, 9] .
The four dimensional quantum gravity we will study here is described in terms of such a CFT in the ultraviolet (UV) limit, which is defined by the perturbation theory about a conformally flat configuration characterized by the expansion of the metric field [10, 11] g µν = e 2φ (ĝ µν + th µν + · · ·) ,
where tr(h) =ĝ µν h µν = 0 andĝ µν is the background metric, which is practically chosen to be the Minkowski metric η µν = (−1, 1, 1, 1). The coupling constant t is dimensionless, which indicates the asymptotic freedom. The conformal factor is treated exactly without introducing its own coupling constant. The derived CFT is described by the combined system of the Riegert-Wess-Zumino action [12, 13, 14, 15, 16, 17] and the Weyl action. The conformal symmetry is then realized as the residual diffeomorphism symmetry left after the gauge fixing such that gauge degrees of freedom reduce to the 15 conformal Killing vectors ζ µ satisfying ∂ µ ζ ν + ∂ ν ζ µ − η µν ∂ λ ζ λ /2 = 0.
In this paper, we continue the study of physical field operators developed in [16] in the context of the Becchi-Rouet-Stora-Tyupin (BRST) quantization [18, 19, 20, 21] . The BRST transformation we study here is obtained by replacing ζ µ in the conformal transformations with the corresponding gauge ghost c µ as
where the BRST transformation of the gauge ghost is added. The generators of transformations δ B φ and δ B h µν are derived from the Riegert-Wess-Zumino action and the Weyl action, respectively. Unlike usual CFT, this conformal invariance is imposed on the field as well as the vacuum because it is a gauge symmetry. Thus, it gives stringent constraints to physical quantities. This paper is presented as follows. In the next section, we summarize the generators of diffeomorphism symmetry we use here. In Section 3, we reinvestigate the physical operator corresponding to the cosmological constant term given in the previous paper [16] and then rewrite it in the locally BRST invariant form. The quantum Ricci scalar operator is constructed in Section 4. In Section 5, the argument is generalized to higher derivative operators. We here construct the physical operator corresponding to the integer power of Ricci scale curvature. In Section 6, we give remarks on correlation functions among physical fields. Section 7 is devoted to conclusion.
In the following, the spacetime coordinate is described by x µ = (η, x i ) and
where
is the Laplacian of three dimensional space.
BRST Operator Imposing Diffeomorphism Invariance
Nonperturbative dynamics of the Riegert field φ is governed by the RiegertWess-Zumino action defined by [12] 
where G 4 is the Euler density and √ −g∆ 4 is the conformally invariant fourthorder differential operator. The quantities with the hat on them are defined in terms of the background metricĝ µν . Here, we use the Minkowski background M 4 and thus the conformally invariant differential operator on the background is given by ∂ 4 . This action is induced from the measure as in the case of Liouville action in 2D quantum gravity. The coefficient b 1 has the physically correct sign of positive. In this paper, we consider the Riegert sector only. For the Weyl sector, see the previous paper [16] . The Riegert field is quantized [13, 14, 15] following the Dirac's procedure by introducing new variable χ = ∂ η φ [16] . The four canonical variables are then given by χ and φ and their conjugate momenta
The canonical commutation relations are set as [φ(η, x), P φ (η,
and otherwise vanishes. In Appendix A, we briefly summarize various things about the quantized Riegert field.
We here summarize the generator of conformal symmetry realized as diffeomorphism invariance at the UV limit and the BRST operator imposing this invariance, derived in [16] . First, the generators of Poincaré algebra are given by
where : : denotes the normal ordering and the local operators A and B j are defined by
Here, P 0 = H is the Hamiltonian. The generators of dilatations and special conformal transformations are given by
The linear terms in D and K µ generate the shift term in the gauge transformation of Riegert field (1.2). These 15 generators form the closed algebra of conformal symmetry,
The gauge ghost field c µ satisfying conformal Killing equations is expanded by 15 Grassmannian modes as 
The generators of conformal algebra in the gauge ghost sector are given by
(2.10)
The nilpotent BRST operator is then defined by (2.11) where
The generators P µ , M µν , D and K µ are defined in (2.3), (2.5) and (2.6). The conformal transformations for Riegert and gauge ghost fields are then expressed as i[Q BRST , φ] = δ B φ and i{Q BRST , c µ } = δ B c µ . In the following, we construct various physical fields that are invariant under the BRST transformation.
Cosmological Constant Term
First of all, we reconsider the physical operator corresponding to the cosmological constant term √ −g. It is represented by the most simple conformal field given by the exponential function of the Riegert field defined as
The physical field is a conformal field with definite constant α determined by the BRST invariance condition below. The constant α, called the Riegert charge, includes quantum corrections, which is a real number reflecting that the physical field is a gravitational quantity. It was shown in [16] that the conformal field V α transforms as a scalar under conformal transformations:
where the conformal dimension is given by h α calculated to be
The second term proportional to 1/b 1 is the quantum correction. From these equations, we find that the BRST transformation of the conformal field V α is given by
Thus, the first example of the physical field is given by the conformal field with definite conformal dimension h α = 4 such that
The physical field can be made BRST invariant locally by introducing the function of gauge ghosts defined by
This operator transforms as
where c µ ω = 0 is used. Using this commutator, we can show that the operator product ωV α becomes BRST invariant without the spacetime volume integral as
There are two solutions for the equation h α = 4. We select the Riegert charge
for the cosmological constant term because it approaches the canonical value 4 in the classical limit b 1 → ∞ corresponding to the large number limit of matter fields coupled to gravity. In the following, α is fixed to be the value (3.9) if not specified.
The another solution of h α = 4 is given by 4b 1 − α due to the duality relation h α = h 4b1−α . The operator V 4b1−α does not reduce to the canonical form of the cosmological constant term at the classical limit, but this operator is regarded as the adjoint of V α in the presence of the background charge as discussed in Section 6.
The physical condition (3.5) is equivalent to the condition that the physical field commutes with all generators of conformal symmetry, P µ , M µν , D and K µ . In general, physical fields are given by scalar fields with conformal dimension four, while fields with tensor indices do not satisfy the physical condition due to the presence of spin terms in their conformal transformations.
Ricci Scalar Curvature
Next, we consider the most simple diffeomorphism invariant scalar operator with derivatives, namely the Ricci scalar curvature. It was first constructed on the R × S 3 background in [17] . In this section, we will construct it on M 4 . The result is consistent with that of R × S 3 .
The quantum Ricci scalar operator will be composed of four second-order operators : P χ φ n :, : | ∂ 2 φφ n :, : χ 2 φ n : and : ∂ k φ∂ k φφ n : (which are the special cases of Φ a,b,c,d n (5.3) discussed in the next section). So, we seek a combination of these four operators that has a good behavior under conformal transformations.
From the requirement that the operator transforms as a scalar under Lorentz transformation, we consider the following two combinations:
Under dilatations and special conformal transformations, we find that these combinations transform as
Here, the terms with 1/b 1 in the D and K µ transformations are quantum corrections. In order to put together quantum correction terms, we consider the following exponentiated operators:
From (4.2), each operator transforms as a scalar field with conformal dimension h β + 2 under dilatations as follows:
where h β is defined by (3.3). For special conformal transformations, they transform as
Here, the last term in each transformation breaks that the field behaves as a conformal field. Therefore, we consider the combination
We then find that it transforms under conformal transformations as
Thus, R β transforms as a scalar field with conformal dimension h β + 2 and the BRST transformation is given by
Therefore, the spacetime volume integral of R β with h β = 2 becomes BRST invariant such that
The quantum Ricci scalar curvature is now identified to be R β with the Riegert charge 11) which is one of the solution of h β = 2. The field R β then reduces to the canonical form of Ricci scalar curvature √ −gR divided by −6 when we take the classical limit b 1 → ∞ such that β → 2 and β/h β → 1. In the following, β is fixed to be this value.
As discussed in Section 3, using the operator of gauge ghosts ω (3.6), we can make the physical field locally BRST invariant as
Here, note that this BRST invariance condition is stronger than the condition (4.10) because the condition (4.10) holds up to total divergences. Indeed, both of the fields R 1 β and R 2 β satisfy the BRST invariance condition (4.10) because the last terms in (4.6) that break conformally covariant behaviors are totally divergent, but they do not satisfy the condition (4.12).
Integer Power of Ricci Scalar Curvature
Let us generalize the argument to higher derivative fields. From the expression of quantum Ricci scalar curvature (4.7), we guess that the physical field corresponding to the m-th power of Ricci scalar will be given by the following composite operator:
The last operator is defined by
where a, b, c, and d are non-negative integers. In the following, we will show that the field P
[m] γ with appropriate Riegert charge γ becomes BRST invariant. We first present the transformation law of Φ a,b,c,d n calculated using the results given in Appendix B. For translations and spatial rotations, we obtain
while the Lorentz boosts have extra terms as is not a Lorentz scalar. Since these terms are not quantum corrections, they cancel out when we consider combinations of Lorentz scalar at the classical level.
Thus, we show that the operator P
[m] γ transforms as a scalar field under Lorentz transformations.
Dilatations are given by 6) where the last term with 1/b 1 is a quantum correction. For special conformal transformations, we find and Here, the four terms with 1/b 1 in the K 0 and K j transformations are quantum corrections. 
where h γ is defined by (3.3) . From this, we find that the operator P
[m] γ transforms as a scalar field with conformal dimension h γ + 2m under dilatations.
As for special conformal transformations, the situation becomes more complicated. In the following, we further study the transformation laws for the combination P Here, taking the sum over b in (5.2) and taking into account the relations 12) we find that the first two terms in the braces multiplied by 4x k cancel out. The third and fourth terms in this braces also cancel out in the same way when we take the sum over c. Thus, the terms multiplied by 4x k give no contributions.
The last four terms in (5.11) give finite contributions. We here evaluate the one of them as follows: The other three terms are also evaluated in the same way. Thus, we find that P
[m] n has the following transformation law:
Similarly, the transformation law under K j is calculated as
Putting together quantum correction terms in the exponentiated form (5.1), we find that both of the last braces multiplied by 4m in (5.14) and (5.15) give vanishing contributions due to 1 − γ/h γ + γ 2 /4b 1 h γ = 0. Thus, we obtain the desired transformation law
In this way, we find that P
[m] γ transforms as a scalar field with conformal dimension h γ + 2m and the BRST transformation law is given by
Therefore, the BRST invariant physical field is given by P
[m] γ with h γ = 4 − 2m such that [Q BRST , ωP [m] γ ] = 0. The Riegert charge γ is then determined to 18) which is the solution that the physical field P 
Remarks on Correlation Functions
Let us consider the physical field O γ with the Riegert charge γ and the adjoint of it denoted byÕ γ satisfying the correlation relation
In general,Õ γ is not the Hermitian conjugate of O γ , which is now O γ itself, because the operator product does not produce the identity operator in this case. 3 Here, we discuss this matter with some examples.
The correlation function of the field V α is evaluated by using the correlator
where α and α ′ are taken to be arbitrary. If α ′ is taken to be 4b 1 − α and α is fixed to be (3.9), we obtain
The leading singular term of the right-hand side is given by V 4b1 which is the identity operator with vanishing conformal weight and its vacuum expectation value is unity. Thus, we obtain
This implies thatṼ α is given by V 4b1−α , which is another one of the BRST invariant pair derived from the duality relation h α = h 4b1−α as mentioned in Section 3.
In the same way, we obtain the adjoint of R β , which is given bỹ
The fieldR β as well asṼ α does not reduce to an existing gravitational quantity in the classical limit of b 1 → ∞. In general,Õ γ is given by the appropriately normalized field proportional to O 4b1−γ , but it has no classical counter quantity. Therefore, it is a purely quantum object that will appear only in the intermediate state of physical correlation functions discussed below. Now, we are interested in correlation functions among physical fields with correct Riegert charge only. To define them, we should consider the model perturbed by the potential term as in the case of 2D quantum gravity [5, 6, 7, 8, 9] . We here consider the perturbed theory: S RWZ + µV α in Wick-rotated Euclidean background, where µ is the cosmological constant and V α = d We then obtain the correlation function in the perturbed theory as follows:
Here, · · · represents the correlation function in the unperturbed theory. 4 This correlation function will exist because the operator product inside the unperturbed correlation function can produce the identity operator.
Conclusion
We have studied higher derivative physical fields for the background free quantum gravity formulated in terms of a certain CFT on the Minkowski background M 4 . Since conformal invariance arises as diffeomorphism invariance, the invariance is imposed on the field as well as the vacuum, unlike usual CFT in which the field transforms covariantly, in the context of BRST formalism. Physical fields are given by scalar fields with conformal dimension four, while tensor fields are excluded. After the quantum cosmological constant term was reinvestigated, we constructed the quantum Ricci scalar field. The results are consistent with those computed on the R × S 3 background as expected from background free nature [17] . The computation has been generalized to higher derivative fields. In this paper, we have constructed the novel physical field corresponding to the integer power of Ricci scalar curvature. The BRST invariant fields always appear in pairs due to the presence of the duality in Riegert charges. The physical field was identified with the one that reduces to the existing gravitational quantity in the large b 1 limit corresponding to the large number limit of matter fields coupled to gravity.
The Hermitian conjugate of physical field is given by itself reflecting gravitational quantities are real. It is, however, not the adjoint of physical field because the operator product between physical field and itself does not produce the identity operator. The adjoint of physical field is given by another one of the BRST invariant pair, which does not have a classical counterpart so that it is regarded to be a purely quantum object. From this situation, in order to define the correlation function among physical fields with correct Riegert charge, we should consider the model with potential terms such as the cosmological constant term and the Ricci scalar curvature. The correlation function obtained in this way has a power-law behavior for the mass scale appearing in the potential term, as required from cosmological observations [22, 23, 24] .
Since conformal symmetry survives as gauge symmetry at the UV limit in this background free model unlike other higher derivative models, the negativemetric mode known as the cause of the unitarity problem can never appear alone because it is not gauge invariant, which is merely one of the elements to make up the physical field. In general, the positivity for the two-point function between a real field and itself seems to be trivial if the path integral is welldefined, namely the action is bounded from below, and our model is this case. In the future, we will further study physical properties of correlation functions to give more conclusive statement.
A Quantum Properties of Riegert Fields
The Riegert field satisfying the equation of motion ∂ 4 φ = 0 is expanded by e ikµx µ and ηe
The field is decomposed into the annihilation and creation parts as φ = φ < + φ > , where φ > = φ † < and
(A.1)
The commutation relations for mode operators are then given by the form The two-point correlation function for Riegert field is computed as
Here, ǫ is the cutoff parameter to regularize UV divergences and z is an fictitious small mass scale to handle IR divergences. 6 At ǫ → 0, the correlation function reduces to the well-known form: φ(x)φ(y) = −(1/4b 1 ) × log(x − y) 2 . The singular parts for other field variables are also obtained by differentiating the correlation function (A.2) according to the definitions of field variables such as (2.2). The canonical commutation relation is then expressed, for instance, as [φ(η, x), P φ (η,
, where the δ function this statement to their two-point functions because in this case only the negative-metric part in the action contributes to the path integral so that the positivity of the overall sign of the action becomes meaningless. 6 In our model, usual mass terms are not gauge invariant and thus the z dependence should cancel out when we consider physical quantities. 
